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Research problems 
The purpose of the research problems ection is the presentation of unsolved prob- 
lems in discrete mathematics. Older problems are acceptable if they are not as widely 
known as they deserve. Problems hould be submitted using the format as they appear 
in the journal and sent to 
Professor Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A 1S6. 
Readers wishing to make comments dealing with technical matters about a prob- 
lem that has appeared should write to the correspondent for that particular problem. 
Comments of a general nature about previous problems hould be sent to Professor 
Alspach. 
Problems presented at the Twente Workshop on Hamiltonian Graph Theory, 
6-10 April 1992 
Problems 234 and 235. Posed by D. Bauer, H.J. Broersma, J. van den Heuvel and 
H.J. Veldman. 
Correspondent: H.J. Broersma 
Department of Applied Mathematics 
University of Twente 
P.O. Box 217 
7500 AE Enschede 
Netherlands. 
Let og(G) denote the number of components of a graph G. A graph G is called 2- 
tough if ISI/> 2.co(G-S) for every subset S c V(G) with og(G-S) > 1. A well-known 
conjecture of Chvfital [2] is the following. 
Conjecture. A 2-tough graph on at least 3 vertices is hamiltonian. 
In [1] it was shown that Conjecture 1 is equivalent with other statements about 
2-tough graphs. Some of these statements may be easier to disprove, while others may 
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be easier to prove (compared to Conjecture 1). An affirmative answer to Problem 234 
below would disprove Conjecture 1, and an affirmative answer to Problem 235 below 
(or a number of related questions) would prove Conjecture 1. 
Problem 234. Does there exist a 2-tough non-hamiltonian-connected graph (i.e., for 
some pair of distinct vertices x and y in the graph there is no Hamilton path with end 
vertices x and y)? 
Problem 235. Can (the vertices of) every 2-tough k(n)-connected graph of order n be 
covered by at most p(n) disjoint paths, where k(n) and p(n) are o(n) (n ~ oo)? 
References 
[1] D. Bauer, H.J. Broersma, J. van den Heuvel and H.J. Veldman, On hamiltonian properties of 2-tough 
graphs, preprint, 1992. 
[2] V. Chv~ital, Tough graphs and hamiltonian circuits, Discrete Math. 5 (1973) 215-228. 
Problem 236. Posed by D. Bauer, A. Morgana, E.F. Schmeichel and H.J. Veidman. 
Correspondent: D. Bauer 
Department of Pure and Applied Mathematics 
Stevens Institute of Technology 
Hoboken, NJ 07030 
USA. 
Let co(G) denote the number of components of a graph G. A graph G is 1-tough if 
co(G-S) <~ IS[ for every subset S of the vertex set V(G) with og(G-S) > 1. Let G be 
a 1-tough graph on n/> 3 vertices with minimum degree fi ~> n/3. In [3] Bigalke and 
Jung proved that in such a graph every longest cycle C is a dominating cycle, i.e., the 
vertices of V(G)- V(C) form an independent set. Using this result it was established 
in [1] that the length of a longest cycle in G, c(G), is at least 5n/6. Later in [2] this 
was improved to 5n/6 + 1. In [1] it was also shown that for odd n >/ 15 there exists 
a 1-tough graph Gn on n vertices with t~(Gn) >i n/3 and c(Gn)= ( l ln  ÷ 3)/12. 
Conjecture. If G is a 1-tough graph on n ~> 3 vertices with fi(G)/> n/3, then 
c(G) ~ ( l ln  + 3)/12. 
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Combin. 26 (1988) 53-58. 
[3] A. Bigalke and H.A. Jung. Uber Hamiltonische Kreise und unabh/ingige Ecken in Graphen, Monatsh. 
Math. 88 (1979) 195-210. 
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Problems 237 and 238. 
H.J. Veldman. 
Correspondent: 
Posed by H.J. Broersma, J. van den Heuvel, H.A. Jung and 
J. van den Heuvel 
Department of Applied Mathematics 
University of Twente 
P.O. Box 217 
7500 AE Enschede 
Netherlands. 
The number of components of a graph G is denoted by co(G). A graph G is called 
t-tough (t c ~, t >~ 0) if ISI >/t. co(G - s )  for every subset S C_ V(G) with co(G - S) 
> 1. A famous conjecture of V. Chv~ital states that every 2-tough graph is hamiltonian. 
Let c(G) denote the circumference of a graph (the length of a longest cycle in G) 
and define 
7(t,n) = min{c(G) lG is a 2-connected, t-tough graph on n vertices}. 
Chvfital's conjecture would read: 7(2,n)= n. 
In [1] it is proved that for fixed t,0 < t ~< 1, there exist constants A and A' such 
that 
7(t,n). log(?(t,n)) >~ A-log(n) and 7(t,n) ~< A'. log(n). 
Problem 237. Is the following conjecture true? 
For fixed t >~ 0, there exists a constant B such that 7(t,n) >t B • log(n). 
Conjecture 1 is known to be true if we restrict he class of graphs to 3-connected 
graphs. 
Problem 238. Find good lower and upperbounds for 7(t,n) if t > 1. 
References 
[1] H.J. Broersma, J. van den Heuvel, H.A. Jung and H.J. Veldman, Long paths and cycles in tough graphs, 
Graphs Combin., to appear 
Problem 239. Posed by H.J. Broersma, J. van den Heuvel, H.A. Jung and H.J. 
Veldman. 
Correspondent: H.J. Veldman 
Department of Applied Mathematics 
University of Twente 
P.O. Box 217 
7500 AE Enschede 
Netherlands. 
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Conjecture. Let G be a 2-connected graph with n vertices and maximum degree A. 
If n ~< 3A - 2, then G has a cycle containing all vertices of degree A. 
The truth of the conjecture would imply the following weaker version of Jackson's 
Theorem [2]: Every 2-connected k-regular graph of order n with n ~< 3k-2  is hamilto- 
nian. The condition n ~< 3A-2 cannot be relaxed in view of suitable spanning subgraphs 
of the join of/(2 and three disjoint complete graphs of equal order. The conjecture has 
been verified under the additional requirement that fi ~> n - 1 - 2A, where fi denotes 
the minimum degree of G [1]. 
References 
ll] H.J. Broersma, J. van den Heuvel, H.A. Jung and H.J. Veldman, Cycles containing all vertices of 
maximum degree, preprint, 1992. 
[2] B. Jackson, Hamilton cycles in regular 2-connected graphs, J. Combin. Theory Ser. B (1980) 27-46. 
Problem 240. Posed by N. Dean and Bill Jackson. 
Correspondent: Bill Jackson 
Mathematics Department 
Goldsmiths' College 
London, SE14 6NW 
UK. 
Does there exist a positive constant c such that, if D is an Eulerian digraph of 
average degree d, then D has a directed cycle of length at last cd? 
Erd6s and Gallai [1] have shown that the answer to the above problem for undirected 
graphs is yes (with c = 1). On the other hand, the existence of transitive tournaments 
shows that the answer for the corresponding problem for general digraphs is no. For 
Eulerian digraphs of average degree d, we can show the existence of a directed cycle 
of length at least cv/-d for some positive constant c. 
References 
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(1959) 337-356. 
Problems 241 and 242. Posed by A.S. Hasratian and N.K. Khachatrian. 
Correspondent: A.S. Hasratian 
Department of Mathematical Cybernetics 
State University of Yerevan 
Yerevan, 375049 
Armenia. 
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Let G = (V,E) be a graph and n be a positive integer. For each vertex u E V we 
denote by Mn(u) the set of all vertices in G that are at distance at most n from u. 
The subgraph of G induced by M"(u) is denoted by Gn(u). The connectivity and 
independence number of G are denoted by ~:(G) and ~(G) respectively. 
The following results of Chvfital and Erd6s [1] are well known: A connected graph 
G = (V,E) with at least three vertices is 
(a) hamiltonian if 
~(G) ~< K(G); (1) 
(b) hamiltonian-connected if 
co(G) ~< x(G) - 1; (2) 
(c) traceable if 
~(G) ~< x(G)+ 1; (3) 
The authors used the graphs G,(u) for finding local conditions for hamiltonicity of 
a graph [2-6]. In particular in [6] the following localization of the condition (1) is 
obtained: A connected graph G = (V,E) is hamiltonian if IvI >~ 3 and for each vertex 
v E V there exists a positive integer n(v) such that ,(Gl+,(v)(v)) <~ x(Gn(v)(v)). 
If n(v) equals the diameter of G for each v E V, then this result is equivalent to the 
result (a) of Chvfital and Erd6s. 
In the same way one can obtain a localization of condition (2): A connected graph 
G = (V,E) is hamiltonian-connected if IVl 1> 3 and for each vertex v E V there exists 
a positive integer n(v) such that ~(Gl+,(o)(v)) ~< x(G,t~)(v)) - 1. 
However, an analogous localization of condition (3) turns out to be false. The graph 
G shown in Fig. 1 satisfies the condition cffG2(v))~< X(Gl(V))+ 1 for each vertex v of 
G, but G is not traceable. 
ProMem 241. Find a localization of condition (3) sufficient for traceability of a 
graph G. 
/• K9 
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Fig. 1. 
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Problem 242. Is a connected graph G = (V,E) hamiltonian if IV] i> 3 and for each 
vertex v C V there exists a positive integer n(v) such that ct(Gn¢v)(v)) <<. x(Gn~v)(v)). 
Note that if the answer to Problem 241 is affirmative, then a common generalization 
is obtained for the Chv~ital-Erd6s' result (a) and a result of Oberly and Sumner [7], 
which can be reformulated in the following way: A connected graph G = (V,E) is 
hamiltonian if IVI ~> 3 and ct(Gl(v)) ~< 2 ~< ~(Gl(V)) for each vertex v of G. 
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